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The main purpose of this paper is to prove some new coincidence and common ﬁxed
point theorems for noncommuting generalized f -nonexpansive multivalued mappings
on non-starshaped domain in the framework of a Banach space. As applications, related
common ﬁxed point, invariant approximation, and random coincidence point results are
established. This work provides extension as well as substantial improvement of several
results in the existing literature.
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1.Introductionandpreliminaries
Let M be a subset of a normed space (X, ·  ). We denote by 2X,C(X),CB(X), and
K(X), the families of all nonempty, nonempty closed, nonempty closed bounded, and
nonempty compact subsets of X, respectively. On C(X), we deﬁne the Hausdorﬀ metric
H [22], by setting for A,B ∈ C(X),
H(A,B) = max
 
sup
a∈A
d(a,B), sup
b∈B
d(b,A)
 
, (1.1)
where d(a,B) = inf{d(a,x):x ∈ B}.
The set PM(u) ={ x ∈ M :  x−u =dist(u,M)} is called the set of best approximants
to u ∈ X from M. The diameter of M is denoted and deﬁned by δ(M) = sup{ x − y  :
x,y ∈ M}.Am a p p i n gf : X → X has diminishing orbital diameters (d.o.d.) [12]i ff o r
each x ∈ X, δ(O(x)) < ∞ and whenever δ(O(x)) > 0, there exists n = nx ∈ N such that
δ(O(x)) >δ(O(f n(x))) where O(x) ={f k(x):k ∈ N ∪{0}} is the orbit of f at x and
O(f n(x)) ={f k(x):k ∈ N∪{0} and k ≥ n} is the orbit of f at f n(x)f o rn ∈ N∪{0}.
We denote the boundary of M by ∂M.
Let f : M → M be a mapping. A mapping T : M → C(M)i sc a l l e df -Lipschitz if,
for any x,y ∈ M, there exists k ≥ 0s u c ht h a tH(Tx,Ty) ≤ kd(fx, fy ). If k<1( r e s p . ,
k=1), then T is called f -contraction (resp., f -nonexpansive). The map T is said to be an
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f -nonexpansive-type mapping [6, 19]i fg i v e nx ∈ M and ux ∈ Tx, there is a uy ∈ Ty
for each y ∈ M such that d(ux,uy) ≤ d(fx, fy ). T is said to be ∗-nonexpansive (cf.
[3, 6, 34]i ff o ra l lx, y in M and ux ∈ Tx with d(x,ux) = d(x,Tx), there exists uy ∈ Ty
with d(y,uy) = d(y,Ty)s u c ht h a td(ux,uy) ≤ d(x,y). The set of ﬁxed points of T (resp.,
f ) is denoted by F(T)( r e s p . ,F(f )). A point x ∈M is a coincidence point (common ﬁxed
point) of f and T if fx∈ Tx(x = fx∈ Tx). The set of coincidence points of f and T is
denotedbyC(f ,T).Thepair {f,T}iscalledcommutingifTfx= fTxforallx ∈M.The
pair {f ,T} is called R-weakly commuting [27]i ff o ra l lx ∈ M, fTx∈ C(M) and there
exists R>0s u c ht h a tH(fTx,Tfx ) ≤Rdist(fx,Tx). The pair {f ,T} is called compatible
[14]iflim nH(Tfx n, fTx n) = 0when{xn}isasequencesuchthatlimn fx n =t ∈ limnTxn
forsomet inM.Thepair {f ,T}iscallednontriviallycompatible[12]iff andT arecom-
patible and do have a coincidence point. The pair {f ,T} is called weakly compatible if
they commute at their coincidence points, that is, if fTx= Tfxwhenever x ∈ C(f ,T).
Let T : M → C(M). The mapping f : M → M is said to be T-weakly commuting if for all
x ∈ M, ffx∈ Tfx . If the pair {f,T} is weakly compatible, then f is T-weakly commut-
ing. However, the converseis not true, in general.If T is single-valued,thenT-weak com-
mutativity at the coincidence points is equivalent to the weak compatibility (see [14]).
The mappings f and T are said to satisfy property (E.A) [14], if there exist a sequence
{xn} in X,s o m ea ∈ X and A ∈ C(X) such that lim fx n = a ∈ A = limTxn. The set M is
called q-starshaped with q ∈ M if the segment [q,x] ={(1−k)q+kx:0≤k ≤1} joining
q to x is contained in M for all x ∈ M. Suppose that M is q-starshaped with q ∈ F(f)
and is both T-a n df-invariant. Then T and f are called R-subweakly commuting on M
(see [27]) if for all x ∈ M, fTx∈ CB(M) and there exists a real number R>0s u c ht h a t
H(fTx,Tfx ) ≤ Rdist(fx,Tλx)f o re a c hλ ∈ [0,1], where Tλx = (1−λ)q+λTx.I ti sw e l l
known that R-subweakly commuting maps are R-weakly commuting and R-weakly com-
muting maps are compatible and compatible maps are weakly compatible. Howevere, the
converse is not true, in general (see [11, 12, 14, 27]).
As e tM is said to have property (N)[ 21], if
(1) T :M →C(M),
(2) (1 −kn)q +knTx ⊆ M,f o rs o m eq ∈ M and a ﬁxed sequence of real numbers
kn(0<k n <1) converging to 1 and for each x ∈ M.
Each q-starshaped set has the property (N) with respect to any map T : M → C(M)b u t
t h ec o n v e r s ed o e sn o th o l d ,i ng e n e r a l( s e e[ 8, 10]).
A Banach space X satisﬁes Opial’s condition if for every sequence {xn} in X weakly
convergent to x ∈ X, the inequality
liminf
n→∞
   xn −x
   <liminf
n→∞
   xn − y
    (1.2)
holds for all y  = x. Every Hilbert space and the space lp(1 <p<∞) satisfy Opial’s condi-
tion. The map T : M → C(X) is said to be demiclosed at 0 if for every sequence {xn} in
M and {yn} in X with yn ∈Txn such that {xn} converges weakly to x and {yn} converges
to 0 ∈ X,t h e n0∈ Tx.Am a p p i n gT : M → C(X) is called upper (resp., lower) semicon-
tinuous if for any closed (resp., open) subset B of X,T−1(B) ={ x ∈ M : T(x)∩B  =∅ }
is closed (resp., open). If T is both upper and lower semicontinuous, then T is called
ac o n t i n u o u sm a p .I fTx ∈ K(X)f o ra l lx ∈ M,t h e nT is continuous if and only if TA. R. Khan et al. 3
is continuous from M into the metric space (K(X),H), where H is the Hausdorﬀ met-
ric induced by the metric d. The mapping T : M → C(X) is called condensing if for any
bounded subset B of M with α(B) > 0, α(T(B)) <α (B), where α(B) = inf{ > 0:B can
be covered by a ﬁnite number of sets of diameter ≤ }. The mapping T : M → C(X)i s
called hemicompact if each sequence {xn} in M has a convergent subsequence when-
ever d(xn,Txn) → 0a sn →∞ . The mapping T is said to satisfy condition (A)( c f .[ 29])
if for any sequence {xn} in M, D ∈ C(M) such that dist(xn,D) → 0a n dd(xn,Txn) → 0
as n →∞ , then there exists y ∈ D with y ∈ Ty. It is clear that every continuous hemi-
compact map satisﬁes condition (A). We also note that condition (A)i sa l w a y ss a t i s ﬁ e d
by continuous condensing mappings. Let f : M → X be a mapping. Then f and T are
said to satisfy the condition (A0)( c f .[ 29]) if for any sequence {xn} in M, D ∈C(M)s u c h
that dist(xn,D) → 0a n dd(fx n,Txn) →0a sn →∞, there exists y ∈D with fy∈Ty.T h e
sequence {xn} in M is said to be an asymptotically T-regular sequence with respect to f
provided d(fx n,Txn) →0a sn →∞.I ff =I (the identity map on M), then the sequence
{xn} is called asymptotically T-regular [22].
Meinardus [20] employed the Schauder ﬁxed point theorem to prove a result regard-
ing invariant approximation. Singh [32] proved the following extension of the result of
Meinardus.
Theorem 1.1. Let T :X → X be a nonexpansive operator,M a T-invariant subset of X,a n d
u ∈ F(T).I fPM(u) is nonempty compact and starshaped, then PM(u)∩F(T)  =∅ .
Sahab et al. [23] established the following result which contains Theorem 1.1.
Theorem 1.2. Let I andT beself-mapsofX withu ∈ F(I)∩F(T)andM ⊂ X withT(∂M)
⊂ M,a n dq ∈ F(I).I fD = PM(u) is compact and q-starshaped, I(D) = D, I is continuous
and linear on D, Iand T are commuting on D,a n dT is I-nonexpansive on D ∪{u}, then
PM(u)∩F(T)∩F(I)  =∅ .
Jungck and Sessa [13] proved the following result in best approximation theory, which
extends Theorems 1.1 and 1.2 and many others.
Theorem 1.3. Let I and T be selfmaps of a Banach space X withu ∈ F(I)∩F(T) and M ⊂
X with T(∂M) ⊂M.S u p p o s et h a tD = PM(u) is q-starshaped with q ∈F(I), I(D) = D, I is
aﬃne and continuous in the weak and strong topology on D.I fI and T are commuting on
D and T is I-nonexpansive on D ∪{u}, then PM(u)∩F(T)∩F(I)  =∅provided either (i)
D is weakly compact and (I −T) is demiclosed, or (ii) D is weakly compact and X satisﬁes
Opial’s condition.
Recently, Al-Thagaﬁ [2]e x t e n d e dTheorem 1.2 and proved some results on invari-
ant approximations for commuting maps. More recently, Shahzad [24–28], Hussain and
Khan [9], and Hussain et al. [10] have further extended and improved the above-mentio-
ned results for noncommuting maps. Latif and Tweddle [18]h a v ep r o v e ds o m ec o i n c i -
dence and common ﬁxed point theorems for a commuting pair of f -nonexpansive mul-
tivalued mappings deﬁned on starshaped subsets of a Banach space. In [27], Shahzad has
obtained extension of the results of Latif and Tweddle [18]f o rR-subweakly commuting
f -nonexpansive maps. Recently, Hussain [8] proved the above-mentioned coincidence4 Coincidences and approximations of generalized f -nonexpansive maps
pointresultswithoutanytypeofcommutativityofthemapsdeﬁnedonanon-starshaped
domain.
The aim of this paper is to ﬁrst improve and extend the above-mentioned coinci-
dence point results; in particular, we replace the f -nonexpansiveness of T by general-
ized f-nonexpansiveness and starshapedness of the set M by a weaker set of conditions.
Afterwards, we study the existence of common ﬁxed points of a general class of non-
commuting generalized f -nonexpansive mappings. As applications, results regarding ∗-
nonexpansive- and f -nonexpansive-type maps are derived and invariant approximation
and random coincidence results are proved. These results improve and extend the recent
results of Husain and Latif [6, 7], Liu et al. [19], Xu [33, 34], Jungck and Sessa [13],
Kamran [14], Latif and Bano [17], Sahab et al. [23], Shahzad [24–30], and many others.
Several examples are presented which show that certain hypotheses of our results cannot
be relaxed.
The following coincidence point result is a consequence of [22, Theorem 3] of Pathak
and Khan, which will be needed for the main results.
Theorem 1.4. Let(X,d)beametricspaceandlet f :X →X andT :X →C(X)besuchthat
T(X) ⊂ f (X). Assume that T(X) or f (X) is complete and T and f satisfy for all x,y ∈ X
and 0 ≤h<1,
H(Tx,Ty) ≤ hmax
 
d(fx, fy ),dist(fx,Tx),dist(fy ,Ty),
1
2
 
dist(fx,Ty)+dist(fy ,Tx)
  
.
(1.3)
Then C(f ,T)  =∅ .
Lemma 1.5 [18, Lemma 2.2]. Let X be a Banach space which satisﬁes Opial’s condition and
M a nonempty weakly compact subset of X.L e tf :M → X be a weakly continuous mapping
and T :M →K(X) an f -nonexpansive map. Then f −T is demiclosed.
The following general common ﬁxed point result is a consequence of [12,C o r o l l a r y
3.13].
Theorem 1.6. Let (X,d) be a metric space and g a continuous self-map of X.I fg has
relatively compact orbits with d.o.d., then g has a ﬁxed point. Moreover, if f is continuous
and the pair {f ,g} is nontrivially compatible, then there exists a point z in X such that
fz=gz= z.
Theorem 1.7 [29, Theorem 3.1]. Let M be a nonempty separable weakly compact sub-
set of a Banach space X and f : Ω×M → M a random operator which is both continuous
and weakly continuous. Assume that T :Ω×M →CB(M) is a continuous random operator
such that (f −T)(ω,·) is demiclosed at 0 for each ω ∈ Ω.I ff and T have a deterministic
coincidence point, then f and T have a random coincidence point.
Theorem1.8[29,Theorem3.12]. LetM beanonemptyseparablecompletesubsetofamet-
ric space X and let T :Ω×M →C(X) and f :Ω×M →X be continuous random operatorsA. R. Khan et al. 5
satisfying condition (A0).I ff and T have a deterministic coincidence point, then f and T
have a random coincidence point.
2. Coincidence and commonﬁxed pointresults
The following result extends and improves [18, Theorem 2.1] and [27, Theorem 2.1], in
thesensethatthemaps f andT neednotbecommutingorR-subweaklycommuting,T is
not necessarily f -nonexpansive, f is not aﬃne and continuous, and M is not necessarily
q-starshaped.
Theorem 2.1. Let f be a selfmap on a nonempty complete subset M of a normed space X
such that f (M) = M. Assume that T :M →C(M) satisﬁes, for all x, y ∈M and λ ∈ [0,1],
H(Tx,Ty) ≤ max
 
 fx− fy  ,dist
 
fx,Tλx
 
,dist
 
fy ,Tλy
 
,
1
2
 
dist
 
fx,Tλy
 
+dist
 
fy ,Tλx
   
.
(2.1)
Suppose that T(M) is bounded and (f −T)(M) is closed. If M has the property (N), then
C(f ,T)  =∅ . If, in addition, f is T-weakly commuting at v and ffv= fvfor v ∈ C(f ,T),
then F(f )∩F(T)  =∅ .
Proof. Take q ∈M and deﬁne Tn :M →C(M)b y
Tnx =
 
1−kn
 
q+knTx (2.2)
for all x ∈ M and ﬁxed sequence of real numbers kn(0 <k n < 1) converging to 1. Then,
for each n, Tn(M) ⊂M = f (M)a n d
H
 
Tnx,Tny
 
≤ knH(Tx,Ty) ≤ knmax
 
 fx− fy  ,dist
 
fx,Tnx
 
,dist
 
fy ,Tny
 
,
1
2
 
dist
 
fx,Tny
 
+dist
 
fy ,Tnx
    (2.3)
foreachx, y ∈M and0<k n <1.ByTheorem 1.4,foreachn ≥ 1,thereexistsxn ∈M such
that fx n ∈ Tnxn. This implies that there is a yn ∈ Txn such that fx n − yn = (1−kn)(q −
yn). Since T(M)i sb o u n d e da n dkn → 1, it follows that fx n − yn → 0a sn →∞ .A s(f −
T)(M)i sc l o s e ds o0∈ (f −T)(M). Hence C(f ,T)  =∅ .I ff is T-weakly commuting
at v ∈ C(f ,T), then ffv∈ Tfvand hence fv= ffv∈ Tfv .T h u sF(f) ∩F(T)  =∅ .

Corollary 2.2 [8, Theorem 2.2]. Let f be a selfmap on a nonempty complete subset M
of a normed space X with f (M) = M. Assume that T : M → C(M) is f -nonexpansive map
such that T(M) is bounded and (f −T)(M) is closed. If M has the property (N), then
C(f ,T)  =∅ .
Clearly, each T-invariant q-starshaped set satisﬁes the property (N), if f is aﬃne, then
Tn(M) ⊂ f (M)p r o v i d e dT(M) ⊂ f(M)a n dq ∈ F(f ); consequently, we obtain the fol-
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Corollary 2.3. Let M b ean o n e m p t yq-starshaped subset of a normed space X and f :
M → M an aﬃne mapping with q ∈ F(f). Assume that T : M → C(M) is f -nonexpansive
map, T(M) is bounded, T(M) ⊂ f (M),a n d(f −T)(M) is closed. If f (M) is complete, then
C(f ,T)  =∅ . If, in addition, f is T-weakly commuting at v and ffv= fvfor v ∈ C(f ,T),
then F(f )∩F(T)  =∅ .
The conclusion of [18, Theorem 2.2(a)] holds without any type of commutativity of
f and T, T need not be f -nonexpansive and compact-valued, as follows.
Theorem 2.4. Let f be a selfmap on a nonempty weakly compact subset M of a Banach
space X. Assume that T : M → C(M) satisﬁes (2.1), for all x,y ∈ M and λ ∈ [0,1].I fM =
f (M), (f −T) is demiclosed at 0 and M has the property (N), then C(f ,T)  =∅ .I f ,i na d -
dition, f is T-weakly commuting at v and ffv = fvfor v∈C(f ,T), then F(f)∩F(T) =∅.
Proof. For each x ∈ M, Tx⊂ M, therefore T(M) ⊂ M.N o wM is bounded (see [18, 27]),
so T(M)i sb o u n d e d .A si nt h ep r o o fo fTheorem 2.1, fx n − yn → 0a sn →∞ ,w h e r e
yn ∈ Txn. By the weak compactness of M, there is a subsequence {xm} of the sequence
{xn} such that {xm} converges weakly to y ∈ M as m →∞ .S i n c e(f −T)i sd e m i c l o s e d
at 0, we obtain 0 ∈ (f −T)y.T h u sC(f ,T)  =∅ .A si nt h ep r o o fo fTheorem 2.1, F(f )∩
F(T)  =∅ . 
The following result extends and improves [27, Theorem 2.2 and Corollary 2.3], [4,
Theorem 2], [11, Corollary 3.4], and [18, Theorem 2.2].
Corollary 2.5 [8, Theorems 2.3 and 2.4]. Let f be a selfmap on a nonempty weakly
compact subset M of a Banach space X. Assume that T :M →C(M) is f -nonexpansive map
such that M = f (M) and M has the property (N). Then C(f ,T)  =∅provided one of the
following two conditions is satisﬁed:
(a) (f −T) is demiclosed at 0;
(b) f is weakly continuous, T is compact-valued, and X satisﬁes Opial’s condition.
If, in addition, f is T-weakly commuting at v and ffv= fvfor v ∈ C(f ,T), then F(f )∩
F(T)  =∅ .
Proof. (a) It follows from Theorem 2.4.
(b) By Lemma 1.5,(f −T) is demiclosed at 0. Hence the result from part (a). 
Theorem 2.6. Let M be a nonempty complete subset of a normed space X and f : M → M
a mapping such that M = f (M). Assume that T :M →C(M) satisﬁes (2.1), for all x, y ∈M
and λ ∈ [0,1].I fM has the property (N), f and T satisfy the condition (A0),a n dT(M) is
bounded, then C(f ,T)  =∅ . If, in addition, f is T-weakly commuting at v and ffv= fv
for v ∈ C(f ,T), then F(f )∩F(T)  =∅ .
Proof. By Theorem 2.1,f o re a c hn,t h e r ea r exn ∈ M and yn ∈ Txn such that fx n − yn →
0a sn →∞ . It further implies that d(fx n,Txn) → 0a sn →∞ . By the condition (A0)
there exists an x0 ∈ M such that fx 0 ∈ Tx0.H e n c eC(f ,T)  =∅ .A si nt h ep r o o fo f
Theorem 2.1, F(f )∩F(T)  =∅ . 
Corollary 2.7. Let M b ean o n e m p t yq-starshaped subset of a normed space X and f :
M → M an aﬃne mapping with q ∈ F(f). Assume that T : M → C(M) is f -nonexpansiveA. R. Khan et al. 7
map,T(M)isbounded,T(M) ⊂ f(M),andf andT satisfycondition(A0).I ff (M)iscom-
plete, then C(f ,T)  =∅ . If, in addition, f is T-weakly commuting at v and ffv= fvfor
v ∈C(f ,T), then F(f )∩F(T)  =∅ .
If we take f = I, the identity map in the above Corollary, then we get the following
corollaries which extend and generalize the results of Dotson [4], Habiniak [5], and Lami
Dozo [16].
Corollary 2.8. Let M b ean o n e m p t yc o m p l e t es u b s e to fan o r m e ds p a c eX and T : M →
C(M) a nonexpansive mapping such that T(M) is bounded. If M has property (N) and T
satisﬁes the condition (A), then T has a ﬁxed point.
Corollary 2.9. Let M b ean o n e m p t yc o m p l e t es u b s e to fan o r m e ds p a c eX and T : M →
C(M) a nonexpansive hemicompact (or condensing) mapping. If M has property (N) and
T(M) is bounded, then T has a ﬁxed point.
The following theorem extends and improves [18, Theorem 2.3] of Latif and Tweddle
and [4, Theorem 1] of Dotson.
Theorem 2.10. Let M be a nonempty compact subset of a normed space X and f :M →M
a continuous map such that M = f (M). Assume that T : M → CB(M) satisﬁes (2.1), for all
x, y ∈ M andλ ∈[0,1]andT iscontinuous(orassumethatT is f -nonexpansivemapping).
If M hasproperty(N),thenC(f ,T)  =∅ . If,inaddition, f is T-weakly commuting at v and
ffv= fvfor v ∈C(f ,T), then F(f)∩F(T)  =∅.
Proof. By Theorem 2.1, fx n − yn →0a sn →∞ . It further implies that d(fx n,Txn) →0a s
n →∞.SinceM iscompact,withoutlossofgenerality,wemayassumethat{xn}converges
tosomex0 ∈ M.Thecontinuityofboth f andT impliesthat fx 0 ∈Tx0.H enceC(f ,T)  =
∅.A si nt h ep r o o fo fTheorem 2.1, F(f )∩F(T)  =∅ . 
The following result improves and extends a recent result due to Beg et al. [3].
Theorem 2.11. Let M be a nonempty complete subset of a normed space X and f :M →M
a mapping such that M = f (M). Assume that T :M →C(M) satisﬁes (2.1), for all x, y ∈M
and λ ∈[0,1] (or assume that T is f -nonexpansive mapping). If M has property (N), T(M)
is bounded, and T and f satisfy for all x,y ∈M,
Hr(Tx,Ty) ≤θ1
 
d(fx,Tx)
 
dr(fx,Tx)+θ2
 
d(fy ,Ty)
 
dr(fy ,Ty), (2.4)
where θi : R → [0,1)(i = 1,2) and r is some ﬁxed positive real number, then C(f ,T)  =∅ .
If, in addition, f is T-weakly commuting at v and ffv= fvfor v ∈ C(f ,T), then F(f )∩
F(T)  =∅ .
Proof. By Theorem 2.1, d(fx n,Txn) → 0a sn →∞ .T h u s{xn} is an asymptotically T-
regular sequence with respect to f in M.B y( 2.4),
Hr 
Txn,Txm
 
≤ θ1
 
d
 
fx n,Txn
  
dr 
fx n,Txn
 
+θ2
 
d
 
fx m,Txm
  
dr 
fx m,Txm
 
,
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where the right-hand side tends to 0 as n, m →∞ . This implies that {Txn} is a Cauchy
sequence in TM ⊂ M. Hence there exists K ∈ C(M)s u c ht h a tH(Txn,K) → 0a sn →∞ .
Suppose that k0 ∈ K and let x0 ∈ f −1(k0). Then fx 0 =k0 ∈K.A g a i n ,b y( 2.4),
dr 
fx 0,Tx0
 
≤Hr 
K,Tx0
 
≤ lim
n→∞Hr 
Txn,Tx0
 
≤ lim
n→∞
 
θ1
 
d
 
fx n,Txn
  
dr 
fx n,Txn
 
+θ2
 
d
 
fx 0,Tx0
  
dr 
fx 0,Tx0
  
≤θ2
 
d
 
fx 0,Tx0
  
dr 
fx 0,Tx0
 
,
(2.6)
which yields (1 −θ2(d(fx 0,Tx0)))dr(fx 0,Tx0) ≤ 0. Thus d(fx 0,Tx0) = 0 implies that
C(f ,T)  =∅ .N o w ,a si nt h ep r o o fo fTheorem 2.1, F(f)∩F(T)  =∅. 
Example 2.12. Let X = R and M ={ 0,1} be endowed with the usual metric. Deﬁne T :
M → K(M)b yTx ={ 0} for each x ∈ M.C l e a r l y ,M is not starshaped but M has the
property (N)f o rq = 0, kn = 1−1/(n+1).Let f : M → M be deﬁned by f (x) = 1−x for
each x ∈ M. All of the conditions of Theorem 2.10 are satisﬁed; consequently T and f
have a coincidence point. Here [27, Theorems 2.1 and 2.2] and [18, Theorem 2.3] cannot
be applied because f and T are not R-weakly commuting (and hence not commuting)
and M is not q-starshaped.
Example 2.13. Let X = R and M ={0,1,1−1/(n+1):n ∈ N} be endowed with the usual
metric. Deﬁne T(1)={0} and T(0)=T(1−1/(n+1))={1} for all n ∈ N.C l e a r l y ,M is
not starshaped but M has the property (N)f o rq = 0a n dkn = 1−1/(n+1),n ∈ N.L e t
fx= x for all x in M.N o wf and T satisfy (2.1) together with all other conditions of
Theorem 2.1 except the condition that (f −T)(M) ={ − 1,−1/(n+1),1} is closed. Note
that C(f ,T) =∅ . Here also note that all of the conditions of Theorem 2.10 are satisﬁed
except the condition that T is continuous. Note that C(f ,T) =∅ .
Example 2.14. Let X = R2 be endowed with the norm  · deﬁned by  (a,b) =| a|+
|b|,(a,b) ∈ R2.
(1) Let M = A∪B,w h e r eA ={(a,b) ∈ X :0≤ a ≤ 1, 0 ≤ b ≤ 4} and B ={ (a,b) ∈ X :
2 ≤a ≤3, 0 ≤ b ≤4}.D e ﬁ n eT :M → K(M)b y
T(a,b) =
⎧
⎪ ⎨
⎪ ⎩
 
(2,b)
 
if (a,b) ∈ A,
 
(1,b)
 
if (a,b) ∈ B
(2.7)
and f (x) = x,f o ra l lx ∈ M. All of the conditions of Theorem 2.10 are satisﬁed except
that M has property (N), that is, (1−kn)q+knT(M) not contained in M for any choice
of q ∈M and kn.N o t et h a tC(f ,T) =∅.
(2) M ={(a,b) ∈X :0≤ a<∞,0≤ b ≤1} and T :M →K(M)i sd e ﬁ n e db y
T(a,b) =
 
(a+1,b)
 
,( a,b) ∈M, (2.8)
and f (x) = x,forallx ∈ M.AlloftheconditionsofTheorem 2.10aresatisﬁedexceptthat
M is compact. Note that C(f ,T) =∅.A. R. Khan et al. 9
Example 2.15. Let X = R and M = [0,1] be endowed with the usual metric. Deﬁne f :
M →M and T :M →K(M)a sf o l l o w s :
fx=
x+1
2
, Tx=
 
0,
x+1
3
 
, x ∈ M. (2.9)
All of the conditions of Theorem 2.10 are satisﬁed except that f (M) = M.N o t et h a t
C(f ,T) =∅ .
Thefollowingexamplerevealsthatthecondition ffv = fvforv∈C(f ,T),inTheorem
2.10, is necessary for the result.
Example2.16. LetX = RandM =[0,1]beendowedwiththeusualmetric.DeﬁneT(x) =
{0,1}and f(x) = 1−x foreachx ∈M.AlloftheconditionsofTheorem 2.10aresatisﬁed
except the condition ffv= fvfor v ∈C(f ,T). Note that F(f)∩F(T) =∅.
Remark 2.17. (a) Theorems 2.1–2.11 improve and generalize [13,T h e o r e m6 ]d u et o
JungckandSessa,[18,Theorems2.2–2.5]ofLatifandTweddle,[26,Theorem3]ofShahz-
ad, [28, Theorem 4] of Shahzad, [16, Theorem 3.2] of Lami Dozo, and [4,T h e o r e m s1
and 2] of Dotson.
(b) The inequality (2.1) for single-valued maps has been considered by Shahzad [28,
30].
3. Applications
3.1. Deterministic ﬁxed point theory. We obtain the following improvements and gen-
eralizations of [3, Theorem 2.4], [6, Theorem 3.2], and [34, Theorem 2] and many other
results in the current literature.
Theorem 3.1. Let M be a nonempty subset of a normed space X and let T : M → K(M) be
a ∗-nonexpansive mapping. If M has property (N), then T has a ﬁxed point provided one of
the following conditions is satisﬁed:
(i) M is weakly closed, X is complete space satisfying Opial’s condition, and T(M) ⊂ B,
for some weakly compact set B in X;
(ii) M is weakly compact, X is complete, and (I −T) is demiclosed at 0;
(iii) M is weakly compact and X is complete space satisfying Opial’s condition;
(iv) M is complete, T(M) is bounded, and T satisﬁes condition (A);
(v) M is complete, T(M) is bounded, and T is hemicompact;
(vi) M is complete, T(M) is bounded, and T is condensing;
(vii) M is complete, T(M) is bounded, and T satisﬁes for all x,y ∈M,
Hr(Tx,Ty) ≤ θ1
 
d(x,Tx)
 
dr(x,Tx)+θ2
 
d(y,Ty)
 
dr(y,Ty), (3.1)
where θi : R →[0,1) (i = 1,2) and r is some ﬁxed positive real number.
Proof. The operator PT : M → K(M) is compact-valued and nonexpansive (see, [3, 34]).
Further, (1−kn)q+knPTx ⊆ (1−kn)q+knTx⊆M,f o rs o m eq ∈ M and a ﬁxed sequence
of real numbers kn(0 ≤kn ≤1) converging to 1 and for each x ∈ M.T h u sM has property
(N) with respect to PT as M has property (N) with respect to T.A l s o ,f o re a c hx ∈M,w e10 Coincidences and approximations of generalized f -nonexpansive maps
have, by the deﬁnition of PT,
d
 
x,PT(x)
 
≤ d
 
x,ux
 
= d
 
x,T(x)
 
≤d
 
x,PT(x)
 
. (3.2)
(i) As in the proof of [15, Theorem 3.7], (I −PT)(M)i sc l o s e d .N o wt h er e s u l tf o l l o w s
from Corollary 2.2.
(ii) Suppose that xn → x0 weakly and yn ∈ I −PT(xn)s u c ht h a tyn → 0s t r o n g l y .N o t e
that yn ∈ (I −PT)(xn) ⊆(I −T)(xn)a n dI −T is demiclosed at 0, so 0 ∈(I −T)(x0). This
implies that x0 ∈T(x0) and hence d(x0,T(x0)) =0. By (3.2), d(x0,PT(x0)) = d(x0,T(x0)).
Thus x0 ∈ PT(x0) implies that I −PT is demiclosed at 0. By Corollary 2.5(a), PT has a
ﬁxed point which is also a ﬁxed point of T.
(iii) Clearly (I −PT) is demiclosed at 0 and the result follows from (ii).
Onthebasisof(3.2),itiseasytoprovethatifT satisﬁesthecondition(A),thenPT sat-
isﬁes the condition (A), Also if T is hemicompact (condensing), then so is PT (for details,
see [3, 15]). Thus (iv), (v), and (vi) follow from Corollaries 2.8 and 2.9, respectively.
(vii) As in Theorem 2.1, d(xn,PTxn) → 0a sn →∞; consequently, {xn} is an asymptot-
ically PT-regular sequence in M. On the basis of (3.2), d(xn,Txn) → 0. Thus {xn} is an
asymptotically T-regular sequence in M. The result now follows from Theorem 2.11. 
As noted by Xu, in [34, Proposition 1], that each f -nonexpansive-type multivalued
map (also called weakly f-nonexpansive) is f -nonexpansive; consequently, from
Corollary 2.5, we obtain the following generalizations of Liu et al. [19,T h e o r e m4 . 1a n d
Corollary 4.2] to a more general class of noncommuting mappings, namely, T-weakly
commuting maps deﬁned on nonconvex domain which in turn improve and extend [6,
Theorems 2.2 and 3.2] and [7, Theorem 3.4] (see also [19, Remark 4.3]).
Theorem 3.2. Let f be a selfmap on a nonempty weakly compact subset M of a Banach
space X. Assume that T :M →C(M) is f -nonexpansive type map such that M = f (M) and
M has the property (N). Then C(f ,T)  =∅provided one of the following two conditions is
satisﬁed:
(a) (f −T) is demiclosed at 0;
(b) f is weakly continuous, T is compact-valued, and X satisﬁes Opial’s condition.
If, in addition, f is T-weakly commuting at v and ffv= fvfor v ∈ C(f ,T), then F(f )∩
F(T)  =∅ .
Ac o n t i n u o u sa ﬃne map on a starshaped domain is weakly continuous [4], so we
obtain.
Corollary 3.3. Let f be a selfmap on a nonempty weakly compact q-starshaped subset M
of a Banach space X. Assume that T : M → C(M) is f -nonexpansive-type map such that
M = f(M). Then C(f ,T)  =∅provided one of the following two conditions is satisﬁed:
(a) (f −T) is demiclosed at 0;
(b) f is continuous and aﬃne, T is compact-valued, and X satisﬁes Opial’s condition.
If, in addition, f is T-weakly commuting at v and ffv= fvfor v ∈ C(f ,T), then F(f )∩
F(T)  =∅ .A. R. Khan et al. 11
If T is single valued in Theorems 2.1–2.11, Tλx = (1−λ)q+λTx ∈{ (1−k)q+kTx :
0 ≤k ≤ 1}=[q,Tx].ThusweobtainthefollowingextensionsofrecentresultsofShahzad
[24–26, 28, 30] to the more general class of maps.
Theorem 3.4. Let T and f be selfmaps on a subset M of a normed space X. Assume that
M has the property (N) (or M is q-starshaped), M = f (M),a n dT and f satisfy for all x,
y ∈M,
 Tx−Ty ≤max
 
 fx− fy  ,dist
 
fx,[q,Tx]
 
,dist
 
fy ,[q,Ty]
 
,
1
2
 
dist
 
fx,[q,Ty]
 
+dist
 
fy ,[q,Tx]
   
.
(3.3)
Then C(f ,T)  =∅provided one of the following conditions is satisﬁed:
(i) M is complete, T(M) is bounded, and (f −T)(M) is closed;
(ii) M is weakly compact, (f −T) is demiclosed at 0,a n dX is complete;
(iii) M is complete, f and T satisfy condition (A0),a n dT(M) is bounded;
(iv) M is compact and f and T are continuous;
(v) M is complete, T(M) is bounded, and T and f satisfy for all x,y ∈ M,
dr(Tx,Ty) ≤θ1
 
d(fx,Tx)
 
dr(fx,Tx)+θ2
 
d(fy ,Ty)
 
dr(fy ,Ty), (3.4)
where θi : R →[0,1) (i =1,2) and r is some ﬁxed positive real number.
If, in addition, f is T-weakly commuting at v and ffv= fv for v ∈ C(f ,T), then
F(f)∩F(T)  =∅ .
As an application of Theorem 3.4 and Theorem 1.6,w eo b t a i nt h ef o l l o w i n gc o m m o n
ﬁxed point theorem for a pair of compatible maps under diﬀerent conditions.
Theorem 3.5. Let T and f be selfmaps on a subset M of a normed space X. Assume that
M has the property (N) (or M is q-starshaped), M = f (M),a n dT and f satisfy inequality
(3.3). If f and T are continuous, compatible and T has relatively compact orbits with d.o.d.,
then F(T)∩F(f)  =∅provided one of the following conditions is satisﬁed:
(i) M is complete, T(M) is bounded, and (f −T)(M) is closed;
(ii) M is weakly compact, (f −T) is demiclosed at 0,a n dX is complete;
(iii) M is complete, f and T satisfy the condition (A0),a n dT(M) is bounded;
(iv) M is complete, T(M) is bounded, and T and f satisfy for all x,y ∈ M,
dr(Tx,Ty) ≤ θ1
 
d(fx,Tx))dr(fx,Tx)+θ2
 
d(fy ,Ty)
 
dr(fy ,Ty), (3.5)
where θi : R →[0,1) (i =1,2) and r is some ﬁxed positive real number.
Proof. By Theorem 3.4,i ne a c hc a s e ,C(f ,T)  =∅ .H e n c et h ep a i r{f ,T} is nontrivially
compatible. Thus, by Theorem 1.6, F(T)∩F(f)  =∅. 
Thefollowingcorollaryextends[11,Theorem4.1]andprovidesapartialanswertothe
question of Jungck [11]: “What compacta can be substitutedforI =[0,1] in Theorem4.1
to get the validity of the result?”12 Coincidences and approximations of generalized f -nonexpansive maps
Corollary 3.6. Let T and f be selfmaps on a q-starshaped subset M of a normed space X
withM = f (M).AssumethatT is f -nonexpansive, f iscontinuousandoneoftheconditions
(i)–(iv) in Theorem 3.5 is satisﬁed. If f and T are compatible and T has relatively compact
orbits with d.o.d., then F(T)∩F(f)  =∅.
3.2. Approximation theory. As an application of our common ﬁxed point results, we
obtain the following invariant approximation results which provide substantial general-
izationsofrecentapproximationresultsofAl-Thagaﬁ[2],Habiniak[5],JungckandSessa
[13], Kamran [14], Latif and Bano [17], Shahzad [24–26, 28, 30], and many others.
Theorem 3.7. LetM beasubsetofanormedspaceX andlet f :X → X andT :X → CB(X)
bemappingssuchthatu = fuandTu={u}forsomeu ∈ X andT(∂M ∩M) ⊂M.Suppose
that f (PM(u)) =PM(u) and T and f satisfy for all x ∈PM(u)∪{u} and λ ∈[0,1],
H(Tx,Ty) ≤
⎧
⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎨
⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎩
 fx− fu   if y = u,
max
 
 fx− fy  ,dist
 
fx,Tλx
 
,dist
 
fy ,Tλy
 
,
1
2
 
dist
 
fx,Tλy
 
+dist
 
fy ,Tλx
   
if y ∈ PM(u).
(3.6)
Then PM(u) is T-invariant. Further, assume that PM(u) has the property (N),a n do n eo f
the following conditions is satisﬁed:
(i) PM(u) is complete and (f −T)(PM(u)) is closed;
(ii) PM(u) is weakly compact, X is complete, and (f −T) is demiclosed at zero;
(iii) PM(u) is complete and f and T satisfy the condition (A0);
(iv) PM(u) is compact and f and T are continuous on PM(u);
(v) PM(u) is complete and T and f satisfy for all x, y ∈M,
Hr(Tx,Ty) ≤θ1
 
d(fx,Tx)
 
dr(fx,Tx)+θ2
 
d(fy ,Ty)
 
dr(fy ,Ty), (3.7)
where θi : R →[0,1) (i =1,2) and r is some ﬁxed positive real number.
Then PM(u)∩C(f ,T)  =∅ . If, in addition, f is T-weakly commuting at v and ffv=
fvfor v ∈ C(f ,T), then PM(u)∩F(f)∩F(T)  =∅.
Proof. Let x ∈ PM(u). Then fx∈ PM(u) since f (PM(u)) = PM(u). By the deﬁnition of
PM(u), x ∈ ∂M ∩M and since T(∂M ∩M) ⊂ M, it follows that Tx ⊂ M.L e tz ∈ T(x).
Then, by (3.6),
d(z,u) ≤H(Tx,Tu) ≤d(fx, fu ) = d(fx,u) = dist(u,M). (3.8)
Now z ∈M and f (x) ∈ PM(u)i m p l yt h a tz ∈ PM(u). Thus T(x) ⊂PM(u). Hence T maps
PM(u)i n t oCB(PM(u)). Now if (i) holds, then the result follows from Theorem 2.1.I n
case (ii), (iii), (iv), or (v) holds, result follows from Theorem 2.4, 2.6, 2.10,o r2.11,r e -
spectively. 
As an application of Corollaries 2.3, 2.5,a n d2.7 and Theorems 2.10 and 2.11,w e
immediately obtain the following result which improves and generalizes [14,T h e o r e mA. R. Khan et al. 13
3.14] due to Kamran and extends [13, Theorem 7] due to Jungck and Sessa, and contains
all of the results of Latif and Bano [17] as special cases.
Theorem 3.8. Let M b eas u b s e to fan o r m e ds p a c eX, f : X → X and T : X → CB(X).A s -
sumethatPM(u)isnonemptyq-starshapedwith f(PM(u)) = PM(u)andT is f -nonexpans-
ive on PM(u).S u p p o s et h a tPM(u) is T-invariant and one of the following conditions is sat-
isﬁed:
(i) PM(u) is complete and (f −T)(PM(u)) is closed;
(ii) PM(u) is weakly compact, X is complete, and (f −T) is demiclosed at 0;
(iii) PM(u) is weakly compact, f is weakly continuous, and X is Banach space satisfying
Opial’s condition;
(iv) PM(u) is complete and f and T satisfy the condition (A0);
(v) PM(u) is compact and f is continuous on PM(u);
(vi) PM(u) is complete and T and f satisfy for all x,y ∈M,
Hr(Tx,Ty) ≤θ1
 
d(fx,Tx)
 
dr(fx,Tx)+θ2
 
d(fy ,Ty)
 
dr(fy ,Ty), (3.9)
where θi : R → [0,1) (i = 1,2) and r is some ﬁxed positive real number. Then PM(u) ∩
C(f ,T)  =∅ . If, in addition, f is T-weakly commuting at v and ffv= fvfor v ∈ C(f ,T),
then PM(u)∩F(f)∩F(T)  =∅.
Remark 3.9. (a) Theorem 3.7 illustrates that the conclusion of recent invariant approx-
imation result of Kamran [14, Theorem 3.14] holds for generalized f -nonexpansive T-
weakly commuting maps f where PM(u) need not be compact and starshaped.
(b) Theorem 3.8 contains Theorems 1.1 and 1.2 and many others.
( c )I ti so b v i o u sf r o mTheorem 3.8(v) that [14, Theorem 3.14] of Kamran holds with-
out the conditions;
(i) u ∈ F(f)∩F(T), f is aﬃne and fq= q;
(ii) f and Aλ satisfy the property (E.A)f o re a c hλ ∈ [0,1] where Aλ(x) = (1−λ)p+
λTx.
If T is single valued in Theorem 3.7, we obtain the following result which shows valid-
ity of [24,T h e o r e m6 ] ,[ 26,T h e o r e m4 ] ,a n d[ 28,T h e o r e m5 ]f o rT-weakly commuting
and compatible maps where f need not be aﬃne and weakly continuous.
Corollary 3.10. Let M be a subset of a normed space X, f , T : X → X be mappings
such that u = fu= Tu for some u ∈ X and T(∂M ∩M) ⊂ M.S u p p o s et h a tPM(u) is q-
starshaped, f (PM(u)) =PM(u) and T and f satisfy for all x ∈ PM(u)∪{u},
 Tx−Ty ≤
⎧
⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎨
⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎩
 fx− fu   if y = u,
max
 
 fx− fy  ,dist
 
fx,[q,Tx]
 
,dist
 
fy ,[q,Ty]
 
,
1
2
 
dist
 
fx,[q,Ty]
 
+dist
 
fy ,[q,Tx]
   
if y ∈PM(u).
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Assume that one of the conditions (i)–(v) in Theorem 3.8 holds. Then PM(u)∩C(f ,T)  =
∅. If, in addition, f is T-weakly commuting at v and ffv= fvfor v ∈ C(f ,T), then
PM(u)∩F(f)∩F(T)  =∅.
Corollary 3.11. Let M be a subset of a normed space X and let f , T :X →X be mappings
such that u = fu= Tu for some u ∈ X and T(∂M ∩M) ⊂ M.S u p p o s et h a tf (PM(u)) =
PM(u), T and f satisfy (3.10)f o ra l lx ∈ PM(u)∪{u}, PM(u) is q-starshaped, and one of
the conditions (i)–(iv) in Theorem 3.5 holds. If f and T are continuous and compatible and
T has relatively compact orbits with d.o.d., then PM(u)∩F(f)∩F(T)  =∅ .
3.3. Random ﬁxed point theory. Throughout this section, (Ω,
 
) denotes a measurable
space. A mapping T : Ω → CB(X) is called measurable if for any open subset M of X,
T−1(C) ={ ω ∈ Ω :T(ω)∩M  = φ}∈
 
.Am a p p i n gT :Ω×X → CB(X)(f :Ω×X → X)
i sc a l l e dar a n d o mo p e r a t o ri ff o ra n yx ∈ X, T(·,x)(f (·,x)) is measurable. A map-
ping T : Ω ×X → K(X) is called a random operator in the sense of Gorniewicz opera-
tor [1]i fT is product measurable and T(ω,·)i su p p e rs e m i c o n t i n u o u sf o re v e r yω ∈ Ω.
A measurable mapping ξ : Ω → X is called a random ﬁxed point of a random opera-
tor T : Ω ×X → C(X)i f ,f o re v e r yω ∈ Ω, ξ(ω) ∈ T(ω,ξ(ω)). A measurable mapping
ξ : Ω → X is a random coincidence point of random operators T : Ω ×X → C(X)a n d
f :Ω×X →X if for every ω ∈Ω, f(ω,ξ(ω)) ∈T(ω,ξ(ω)) (for details, see [29, 31, 33]).
If we combine [1, Theorem 1.3] and Theorem 3.1, then we have the following random
ﬁxed point theorem for a noncontinuous class of maps (see also [3]) which generalizes
the corresponding results in [3, 6, 15].
Theorem 3.12. Let (Ω,
 
) be a complete measurable space and M an o n e m p t ys u b s e to fa
separableBanachspaceX.S upposethatT :Ω×M →K(M)is ∗-nonexpansiveandrandom
in the sense of Gorniewicz. Assume that M has the property (N) (or M is q-starshaped) and
one of the following conditions is satisﬁed:
(i) M is weakly closed, X satisﬁes Opial’s condition and for each ω ∈ Ω, T(ω,M) ⊂ B,
for some weakly compact set B in X;
(ii) M is weakly compact and for each ω ∈ Ω, (I −T)(ω,·) is demiclosed at 0;
(iii) M is weakly compact and X satisﬁes Opial’s condition;
(iv) M is closed, T(ω,M) is bounded, and T(ω,·) satisﬁes the condition (A), for each
ω ∈ Ω;
(v) M is closed, T(ω,M) is bounded, and T(ω,·) is hemicompact, for each ω ∈Ω;
(vi) M is closed, T(ω,M) is bounded, and T(ω,·) is condensing, for each ω ∈Ω;
(vii) M is closed, T(ω,M) is bounded, and T(ω,·) satisﬁes for each ω ∈ Ω and x,y ∈M,
Hr 
T(ω,x), T(ω,y)
 
≤θ1
 
d
 
x,T(ω,x)
  
dr 
x,T(ω,x)
 
+θ2
 
d
 
y,T(ω,y)
  
dr 
y,T(ω,y)
 
,
(3.11)
whereθi : R → [0,1)(i = 1,2)andr issomeﬁxedpositiverealnumber.ThenT hasarandom
ﬁxed point.
If we combine Theorem 2.4 (or Corollary 2.5)a n dTheorem 1.7,w eo b t a i nt h ef o l -
lowing results which generalize and improve [31, Theorems 3.2 and 3.3] due to ShahzadA. R. Khan et al. 15
and Latif and [33, Theorem 1] of Xu , in the sense that the maps f and T need not be
commuting for the existence of random coincidence, T(ω,·) is not necessarily f(ω,·)-
nonexpansive, and f is not aﬃne.
Theorem 3.13. Let (Ω,
 
) be any measurable space, M a nonempty separable weakly com-
pact subset of a Banach space X,a n df :Ω×M →M a random operator such that f(ω,M)
= M for each ω ∈ Ω. Assume that T : Ω×M → CB(M) is continuous and satisﬁes, for all
ω ∈ Ω, x, y ∈ M,a n dλ ∈ [0,1],
H
 
T(ω,x), T(ω,y)
 
≤ max
    f(ω,x)− f (ω,y)
   ,dist
 
f (ω,x),Tλ(ω,x)
 
,dist
 
f (ω,y),Tλ(ω,y)
 
,
1
2
 
dist
 
f (ω,x),Tλ(ω,y)
 
+dist(f (ω,y),Tλ(ω,x)
   
.
(3.12)
Suppose that M has property (N) (or M is q-starshaped), f is both continuous and weakly
continuous, and (f −T)(ω,·) is demiclosed at 0 for each ω ∈ Ω. Then f and T have a
random coincidence point. Moreover, if for each ω ∈ Ω and any x ∈ M, f (ω,x) ∈ T(ω,x)
implies f(ω, f (ω,x)) = f(ω,x),a n df is T-weakly commuting random operator, then f
and T have a common random ﬁxed point.
Corollary 3.14. Let (Ω,
 
) be any measurable space and M a nonempty separable weakly
compact subset of a Banach space X. Assume that T : Ω ×M → CB(M) satisﬁes, for all
ω ∈ Ω, x, y ∈ M,a n dλ ∈ [0,1],
H
 
T(ω,x), T(ω,y)
 
≤max
 
 x− y ,dist
 
x,Tλ(ω,x)
 
,dist
 
y,Tλ(ω,y)
 
,
1
2
 
dist
 
x,Tλ(ω,y)
 
+dist
 
y,Tλ(ω,x)
   
.
(3.13)
Suppose that M has property (N) (or M is q-starshaped) and (I −T)(ω,·) is demiclosed
at 0 for each ω ∈ Ω. Then T has a random ﬁxed point.
Corollary 3.15. Let (Ω,
 
) be any measurable space, let M be a separable weakly compact
subset of a Banach space X which is q-starshaped, and let f : Ω×M → M be a continuous
aﬃne random operator such that f (ω,M) =M for each ω ∈Ω.L e tT :Ω×M →CB(M) be
an f -nonexpansive random operator. If one of the following conditions is satisﬁed:
(a) (f −T)(ω,·) is demiclosed at 0 for each ω ∈Ω;
(b) T(ω,·) is compact-valued for each ω ∈Ω and X satisﬁes Opial’s condition,
then f and T have a random coincidence point. Moreover, if for each ω ∈ Ω and any x ∈M,
f (ω,x) ∈ T(ω,x) implies f (ω, f (ω,x)) = f (ω,x),a n df is T-weakly commuting random
operator, then f and T have a common random ﬁxed point.
If we combine Theorem 2.6 (or Corollary 2.7)a n dTheorem 1.8,w eo b t a i nt h ec o n -
clusion of [29, Theorem 3.18], without the commutativity of maps. Notice that f need
not be aﬃne and f (ω,·) need not ﬁx q for each ω ∈Ω.16 Coincidences and approximations of generalized f -nonexpansive maps
Theorem 3.16. Let (Ω,
 
) be any measurable space, M a nonempty separable closed sub-
set of a Banach space X,a n df : Ω × M → M a continuous random operator such that
f (ω,M) = M for each ω ∈ Ω. Assume that the random operator T : Ω ×M → CB(M) is
continuous and satisﬁes (3.12)( o ri sf-nonexpansive). If M is q-starshaped, f and T satisfy
the condition (A0) and T(ω,M) is bounded for each ω ∈ Ω, then f and T h a v ear a n d o m
coincidence point. Moreover, if for each ω ∈ Ω and any x ∈ M, f (ω,x) ∈ T(ω,x) implies
f (ω, f (ω,x)) = f (ω,x),a n df is T-weakly commuting random operator, then f and T
have a common random ﬁxed point.
Remark 3.17. (a) If we combine Theorems 2.10 and 1.8, we obtain the conclusion of [29,
Theorem 3.17],without the commutativity of maps. Notice that f need not be aﬃne and
f (ω,·) need not ﬁx q for each ω ∈Ω.
(b) Using Theorems 3.13–3.16, we can obtain the random invariant approximation
results. In particular, when T is single-valued, we obtain the following result which pro-
vides stochastic analogue (for more general maps) of the recent invariant approximation
result due to Shahzad [28,T h e o r e m5 ] .
Corollary 3.18. Let M be a subset of a Banach space X and let f, T : Ω×X → X be ran-
dom operators such that u = f(ω,u) =T(ω,u) for each ω ∈ Ω and for some u ∈ X.S u p p o s e
that PM(u) is nonempty and q-starshaped, f(ω,·) and T(ω,·) are continuous on PM(u),
f (ω,PM(u)) = PM(u), T(ω,∂M ∩M) ⊂ M for each ω ∈ Ω,a n dT(ω,·) and f (ω,·) satisfy
(3.10) for each ω ∈ Ω and x ∈ PM(u)∪{u}. Suppose that one of the following conditions is
satisﬁed:
(i) PM(u) is separable weakly compact, f is weakly continuous, and (f −T)(ω,·) is
demiclosed at 0 for each ω ∈Ω;
(ii) PM(u) is separable closed and f (ω,·) and T(ω,·) satisfy the condition (A0) for each
ω ∈ Ω.
Then PM(u) ∩C(f ,T)  =∅ . If, in addition, for each ω ∈ Ω and any x ∈ M, f (ω,x) =
T(ω,x) implies f (ω, f (ω,x)) = f (ω,x),a n df is T-weakly commuting random operator,
then PM(u)∩F(f)∩F(T)  =∅.
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